
Math 564: Real analysis and measure theory
Lecture 10

Recall But for a metric/topological space X
,
a Bore measure on X is any measure on the

Borel +-algebra B(X).

Theorem
. Every finite Bod measure m

on a metric space X is strongly regular .

Proof. 24 I be the collection of all nemeasurable sets MEX which satisfy :
0 = inf)M(U(M) : UC Mopenh
= inf(MIMC) : CCM closed ?

Claimlal
.
I certains all open sele,

Proof
.
Recall But open oh are to in metric spaces , so for an open selUeX,
we have U= In where the In are closed

. Replacing each In willVali , we may
What U= In . But then , by ,monotone convergence, M(ul :linhC

Claim (b) . 3 is an algebra.
Proof . Complement of open/closed is closed/open .

Also finite unious of

open/closed is open/closed.

Claim (d)
. Y in closed under ctbl unions

,
and is here a ralgrabra.

Proof
.

Let M : = U Ma where McES
.

Since Y is closed under finite unious
,
we

mayne
with WM i and assume that M = VM.replace Mr

isn NEIN

For outer regularity ,
let Un ? Mu be

open
and such Kat M(Un\Ma) > 2.2.

Then Ui= UKn is open
and M/K(MIM(VMalMal = [MIren\Mal <E .

nEIN ne(x

For inner regularity , let GEMu be closed and such Hat M(Cn) Ex
M/Mal . Becase M

=Mu , monotone convergence gives M(M) =time(Mu,



for large enough neIN
,
we have M(M)asM(MalsNICa).

This
,
J contains all Bonel sets. For a -measurable MEX, let BoEMEB ,

be Borel set will Bo-uM = B , and let U2 B
,
be

open
such that

M(K) => M(B1) = (M) and C : Bo closed such Rat MSC naM(Bol =M(m).
So 5 contains all momeasurable sets.

Caution
.

It's not true NotDefinite Bowl measures on metric spaces are regular.

counter-example .It X : = the one-point compactification of IR , i. e. X: = IRVSM)
with the metric of the circle S

,
which we identify with X via Stereogram

pleic projection p : S-X by pIN) := & and p : SYNSF@IR as in the picture.

si N Thus the open sets of X are the open sets of IR together
·
X with all sets of the form (0

,
a) v (6

,
070903

j(x)
IR land unions of the above

.
Let I be the Borel

measure on X defined by setting [1 = Lebesgue &
and /M := 0

. This I is a -finite Bonel measure

because d is r-Linide : X = (a)VV(-h
,
n) where each at has finite Emesue.

And X = S' is obviously ametric spa, in fact compact Polish.
However

,
10) = 0 = & = N(U) where Uz8 is open bene U2 (&,a)

16
,

+ d) .

Note that in this example ,
X cannot be written as a otblunion of finite measure

open sets . It turns out thatHeis is the only obstruction.

Def
.
Let X be a Hanschoff topological space le

. g . a metric space and let M be a

Borel measure on
X
.
We say that M is

-finite by open
sets if X = VUn where Ho is open and has finite permeasure.

heIN



finite on compact sets if each compactah has finite -nece
localls finite if every point xX admire a nighbourhood Vex (i. e. x
int(VI) of finite -measure (in particular, an open neighbourhood of fin . meas.).

Cor
. For a metric space X

, every Bonel measure that's definite by open
sets is

strongly egular.
Proof. Let X = WUn where Un is open and h(ka) < & . Let Me X den-measurable

NEI

For each ne
, viewing Un as a metric space with Mu

.

a firste Borel measure
,

we get an set Va ? Un open relative to ren there open in X since Un is open
such Bot VIMMUn and M(Val = 22-11M(MMUn) . Thus

,
V : = UV is

open in X and M/VIM) -MCUVM = Is . 2- = 2
. This hand style

enter regularity .
UESN

For strong incer regularity ,
let USM2 be an open

set with M/M(MP) 3.
But US is closed and ULM2 = MIUC

,
hence M(M) U = S.

Since we will use the other two conditions as well
,
let's sort out the relationship

between there.

Prop . Let X be a Hausdorff topological space leg , a utric space). For a Boel mean
sure m ,

the following implications hold :

a
Propf

.

(3)= (2)
.

If X = Wha
,

where Ur is open and has finide measure
,
then for

hel
each xex Where is UnzX.



127 = (1)
.

Let 1 do a compact not and for each xEK
,

let UxEx be
an open

neighbourhood of finite mensure
.

Then the over \Uxxek of R actails
a finite snbcover Ux

, ...,
Ven

,
so KEWUx : and Vixe has finite meas

ic n iCh

(1) => (2)· Suppose X is locally orpact and 11) holds
.
Then every point nex has a

compact neighborhood and compactsls have finite measure.

(2) => (3)
· Suppose X is I'd Abl and M is locally finite

. Let Sal be acthl
basis for X

.

Then for each xex there in an open neighbourhood UeX
of finite measure

,
hence bux ville xEUul , so Un has finite

measure. But then X
=&Un , and this union isthl.

Thus
,
since IRP and Afrith finite A) are locally compact If chal metric spaces , all

these notions coincide for Bonel measures on them. In particular :

Cor
.
The lebesque measure on

IRA and the Bernoulli measures on A
,

with 1A1A
,
are

strongly regular.

Tightness.

Def . A Borel resive m on a Hausdooff hop space Seg - metric spael is called
tight if for every momeasurable set MEX,

M(M) = <p34(k) : K = M compact?.

Theorem. Finite Boel measures on Polish spaces are fight.

Before proving , Let's recall the equivalent definitions of empactin of metric spaces :



Theorem (Compactness in metric spaces). For a metric space
X
,
TFAE :

(1) X is compact (every open cover has a finite subcover).
(2) X is sequentiallyompact /evers sepeace

has a convergent subsequence).
B) X is complete andbefalls bounded.

Cor
. In awomplet metric

space , compact = closed and totally bounded.

Proof of the tighten theorem .
Since we know that a finite Boel measurem on a Polish

space
X is stronglyegular , every h-measurable set can be approximated from

below by closed sets
,
so it is enough to show that closed sets can

be approximated from below by compact sets (E +E = 3) . Let 2 = X be

a closed set . Since 2 is Polish with care metric , we may as well assure
X =C

.


